This note presents an elementary and direct proof for the convexity of the Choquet integral when the corresponding set function is submodular.
• monotone: ∀A, B ∈ F, A ⊂ B =⇒ c(A) ≤ c(B), 
For X ∈ X , the Choquet integral of X with respect to c is defined by
where c(X > x) is the short notation for c({ω ∈ Ω, X(ω) > x}). This integral has been introduced by Choquet in its theory of capacities [3] and is now used in various fields such as decision theory (see e.g. Schmeidler [9] and Gilboa [6] ) and risk measures in finance (see e.g. Föllmer and Schied [5] ). When Ω is finite and F = P(Ω) is the power set of Ω, the Choquet integral is also known as the Lovász extension [8] and is related to optimization problems arising in machine learning or operational research, see the recent tutorial of Bach [1] and references within. It is easy to check that the Choquet integral satisfies the following properties, see Example 4.14 in [5] :
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• monotonicity:
• positive homogeneity: ∀X ∈ X , λ > 0, (λX)dc = λ Xdc.
The goal of this paper is to give an elementary proof of the following theorem.
Theorem 1. The set function c is submodular if, and only if the Choquet integral is convex
Thanks to the positive homogeneity, it is equivalent to show that c is submodular if, and only if the Choquet integral is subadditive, i.e.
If (3) 
Thus, it is sufficient to prove (3) for X, Y : Ω → N. In this case, we have
Therefore, we have (X +
By Lemma 2, we have A k ∪ B k = {X + Y ≥ 2k + 1} and A k ∩ B k = {X + Y ≥ 2k + 2}. By using the submodularity, we get
We now proceed by induction and show that (3) 
It remains to observe that
to conclude the proof.
Proof. This property is easier to visualize, see Figure 1 , but we give here a formal proof for sake of completeness. First, we notice that x + y ≥ 2k + 1 if and only if there is i ∈ {0, . . . , 2k + 1} such that x ≥ i and y ≥ 2k + 1 − i, which givesÃ k ∪B k = {(x, y) ∈ N 2 , x + y ≥ 2k + 1}. Similarly, if x+ y ≥ 2k + 2 there is i ∈ {0, . . . , 2k + 2} such that x ≥ i and y ≥ 2k + 2− i. Since i − 1 ≤ 2⌊ 
